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ABSTRACT 


In this paper the notion of a quotient topology is extended to 
uniform spaces, and a quotient uniformity is defined for a uniform 
space. After the definition is validated its basic properties are 


investigated and its relation to the quotient topology is discussed. 
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I. INTRODUCTION 


In this paper the notion of a quotient uniformity is discussed. 

The idea was largely motivated by the following question. Suppose a 
quotient uniformity can be defined, then is the topology induced by it 
the quotient topology? In general, the answer to this question is nega- 
tive, but in Chapter 5 an important sufficient condition for equality is 
established. 

For understanding the paper a knowledge of general topology is 
expected, but for convenience to the reader and to avoid ambiguity, the 
more important terms are defined here. In the following X refers to a 
topological space. X is said to satisfy the first axiom of countability 
if the neighborhood system of each point has a countable base. X satisfies 
the second axiom of countability if it has a countable base. X is said 
to be a T, Space if every singleton is closed. X is Hausdorff if points 
can be separated by disjoint open sets. X is compact if every open cover 
has a finite subcover. Finally X is said to be completely regular if for 
every point in X and every closed set not containing the point there is a 
continuous real valued function which is 1 on the point and O on the closed 
set. Caution: "Completely regular" as used in this paper does not assume 
the T, separation axiom. 

If f is a function from X to a topological space Y then f is open if 
the image of each open set in X is open iin Y. Similarly f is closed if 
the image of every closed set in X is closed in Y. 


The complement of a set A is denoted by ~A. 








II. THE CONCEPT OF A QUOTIENT UNIFORMITY 


In this chapter the notion of a quotient uniformity is defined by 
analogy with the concept of a quotient topology. It is known that given 
a topological space (nua) and a function of f£ from X onto an arbitrary set 


Y it is possible to define a topology on Y in the following way: 
-1 Ge 
Xe) = iescey, © Ged f 


The topology OE) is called the "quotient topology with respect to f£" and 
it has the property that it is the largest topology on Y which makes f a 
continuous function. 

It is natural to conjecture that a similar construction relative to 
a uniform space (X,%U) and an arbitrary set Y will result in a uniformity 
UC£) defined on the set Y. In order to make the statement of this problem 


more precise the following definitions are needed: 


Definition 2.1: Let X be a set, and let XxX denote the cartesian 
product of X with itself. The collection of all pairs (x,x) is called the 


diagonal and is denoted by A(X). 


~1 
Let U be contained in X*X then U is the set of all pairs (x,y) 
such that (y,x) is in U. If U and V are contained in X*X then UeV is 
defined to be the set of all (x,z) such that there is a y in X with (x,y) 


in V and (y,z) in U. Finally, U{G], for G contained in X, is the collec- 





tion of all y such that (x,y) is in U for some x in G. 


Definition 2.2: A uniformity for a set X is a non-void family 
of subsets of X*X satisfying the following properties: 


(a) for each U in Y¥ , 4(X) is contained in U; 








(b) if U is in U then Tee is also in Y; 

(c) if U is inY then there is a V in U such that VeV is 
contained in U; 

(d) if U and V are in QV then their intersection is again 
in ee 


(e) if U is in Y and V contains U then V is in Y. 


Definition 2.3: if X is a set and Y a uniformity for X, then 


the pair (X,Y) is called a uniform space. 

Suppose f maps X into Y then the induced function f, from X*X 
into YxY is defined by £,(*,y) = (f£(x),f(y)). a 

Now suppose f is a function from a uniform space (X,\) onto a 
set Y. Define: 


v=\vieray and tp hwyeUt . 


For a proof that VY is a uniformity on Y the following lemmas are needed. 


Lemma 2.1: Let f. be a function from X into Y and let VC YY; 


| ae | 


en Caw)e =f£, (V">). 


Proof: Let (x,y) be in Cae) a then (y,x) is in A): 
hence (f(y),f(x)) is in V. This implies that (f(x),f(y)) is in v7 and 


-1,,°l 


so (x,y) is in f (V "). Similarly, let (x,y) be in f(D: then 


2 
(f£(x),f(y)) is in ae thus (f(y),f(x)) is in V. This implies that (y,x) 


is in £7" (V) and so (x,y) is in Con) ae 


Lemma 2.2: Let f£ be a function from X into Y and let VC XxX 


then £,(VoV) C £, (V) of, (V). 


Proof: Let (x,y) be in f,W V). Then there are elements a and 








b in X such that f(a) = x, f(b) = y and (a,b) is in VoV. Thus there is a 
c in X such that (a,c) and (c,b) are in V. It follows that (f(a),f(c)) = 
(x,£(c)) and (f(c),£(b)) = (f£(c),y) are both in £,) hence (x,y) is in 


£,(V)°f, (V)-. 


Theorem 2.1: Let f£ be a function from a uniform space (X,U) onto 
a set Y. Then the collectionYVis a uniformity on Y. 

Proof: Let V be inVYand let y be in Y; then on ly) omic 
and there is an x in X such that f(x) = y. We know (x,x) is in in Livy, 
hence (f(x),f£(x)) = (y,y) is in f 7 (f, “liyyy =V. Thus 4(¥)¢V for all V 
in¥V. Let Vé5V; then f. liyy is in&thus (f, >a ee - Pina) is in 


U . Hence v7} is in. Moreover, on liyy inYimplies that there is a Z 


-1 
2 


f > (2) is inVsince f weak s- (Z))>Z. Let a Vo be inV; then f, iy. ae 


inY such that Z°Z¢f (V). Now £,(Z9Z)cf, (Z)°f, (Z)Cf, (f, sliyyy = V, and 


Pw, ) are both inU, thus f., Tw, NE, "(W5) = £,” (AV) is in ay 


and it follows that v2 is in. Finally let V be inVYand suppose V 


contains V. We know f, shy) is in&%, and since f, “hye, “tw, Lt 


1 


follows that f, a: ) is in, which implies that V, is in¥Y. Thus prop- 


1 


erties (a)-(e) are satisfied and hence V is a uniformity on Y. 


Thus the generalization of the concept of quotient topology to 
uniform spaces is a valid one, and with this similarity in mind we call 
the uniformity of Theorem 1.1 the "quotient uniformity with respect to 
"e" and denote it by Xf). 

It turns out that there is an alternate way of describing the 


quotient uniformity which in certain instances is.more useful. 








Theorem 2.2: Let f be a function from a uniform space (X,%) 


onto a set Y such that Y has the quotient uniformityf). Then, 
U(E) =4 £,(U) : uEU}. 


Proof: Let V be inf); then a Loy) is in Letting U = aor 


we have £, (U) = TR EW ante? ae an 1£,,(U) : UEUP. Similarly 


fi 2 
let V be in if, (U): vEU}; then V = f 9 (U) for some U int. Further 


lig) = a ee (U))>U, hence a liyy is in%, which implies that V 


is in Wf). 


It is worth noting that this description has no anology in the 
theory of quotient topologies. 

Theorem 2.1 provides a means of generating new uniformities. In 
fact, for each function f from (X,% onto a set Y there is an associated 


uniformity on Y. A few illustrative examples follow. 


Example 2.1: Let (X,%) be a uniform space where\Yis the in- 
discrete uniformity (i.e., consisting only of the set X*X). Then by 
virtue of Theorem 2.2 for any onto function f the associated uniformity 


on Y is also indiscrete. 


Example 2.2: Similarly if Mis the discrete uniformity (con- 
sists of all sets which contain the diagonal) then for any function f, 
the associated uniformity on Y is also discrete. This follows since 
£,( 4 (X)) = A(Y), hence A(Y) Fe in U(£) which implies by property (e) of 


a uniformity that U(f) is discrete. 


Example 2.3: Let X =[R and letUbe the usual uniformity on IR. 








Define f from JR onto IR by f(x) = 2x. It is known that U consists of all 
sets which contain a set of the form {(x,y):[x-yl< € } for some 0. Thus 
by Theorem 2.2 and property (e) of a uniformity, U(f£) consists of all sets 
which contain a set of the form f., {(x,y):|x-y|< et ; 

It is now shown that YU is contained in iGoe Let U be in Y >; then 
there is a set B = (x,y): | x-yl<ef such anae BCU. Since (x,y): | x-y I< Ey ¢ 
moein U, f., 4 (x,y): | x-y|< €Ahis in UC £). But ay (x,y): |x-yl< E/2} ~ 


§ (u,v): lu-v]<er = B. Thus B is in U(f£) and it follows that U is in 


U(£). 


Example 2.4: Let X = IR* and let Y be the usual uniformity 
restricted to IR’. Define f from IR™ onto RY by f(x) = a Again by 
Theorem 2.2 and property (e) of a uniformity YU(f) consists of all sets 
which contain a set of the form f., 1 (x,y): lx-y|< ef , for some €>0. 
However, in this case it is shown that YU ¢ (f{). First observe that 
£, f(x,y): Ixy <ef = 107,y7): Ix-yleel = dav: Wa - WW leet 
Now me C (f) then (x,y): )x-y | < lf is in U(f), hence there is an 
€ > 0 such that {(u,v): AY - Jv l<éf is contained in 4 (x,y): [x-y |< lf : 
By the Archemedian law for the reals there is a x € R® such that ee 21, 
mee = \x + E/2, then|Jx - Jy |= ee Wee Es2\= E/2. 

Hence (x,y) is in Yc(u,v):lvu -Jvl<eé} , and therefore in 4(x,y): [x-yl< 1p. 
But |x - yle= |x a (Sx + €/2)7| Bile G + € 74| > l. Thus (x,y) is 
not in 1(x,y): \x-y!< 1} ,» and it follows that Uf is not contained in OU (f). 
Notice that in Example 1.3 f(x) = 2x is a uniformly continuous func- 
tion, whereas in Example 1.4 f(x) = xe is not. This turns out to be an 


important fact. That is, in the next chapter it is shown in a general 


10 








setting that f is uniformly continuous if and only if VU is contained ~ 
n Y(£). 

The chapter is concluded with the following transitive property of 
quotient uniformities. 

Lemma 2.3: Let f be a function from X to Y and let g bea 
function from Y to Z; then the induced functions f., and 8 satisfy the 
equality £,°8, + (fog), 

Proof: (gef), (x,y) = (gef (x), ef (y)) = (e(f(x)), e(f(y))) 

= 8, (£(x),£(0y)) = 8, (£5 (%,y)) = g,°f,(%y)- 

Theorem 2.3: Suppose f maps the uniform space (X,%U) onto Y 
and g maps the uniform space (Y,U(f)) onto Z then4[gof] =U(f£)[g]. 

Proof: Let V be in Ul[gof]; then (ge£).” (V) = f(g, (V)) 
is inY. Thus g,(V) is in U(£) and it follows that V is in ae 
Conversely let V be —— then 2 liv) is in U(f£), thus f. Ser Livy) 
is in, but on “(B5” hy) = Cet hiv) = (gf), Livy. Thus V is in 


Ulgef]. 
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III. PROPERTIES OF THE QUOTIENT UNIFORMITY . 


As has been stated previously the quotient topology is the largest 
topology which makes f a continuous function. A similar result holds 
for quotient uniformities. However, before proceeding the concept of 


uniform continuity will be needed. 


Definition 3.1: Let f be a function from a uniform space (x, %U ) 
to a uniform space (Y,¥Y) then f is uniformly continuous relative to VY 
and if and only if for each V inV the set {(x,y): (£(x),f(y)) €V} 


is in U , 


It will be helpful to have the following equivilent form of 


uniform continuity. 


Theorem 3.1: A function f from (X,%) into (Y,V) is uniformly 
continuous if and only if for each V in¥Y, there is a U in¥ such that 


£,(U) is contained in V. 


Proof: Suppose f is uniformly continuous and let V be in. 
U = , (x,y): (f(x), f(y) € v} is in U and it follows that £, (U) is con- 
tained in V. Conversely suppose for each V inY there is aU in OU 
such that £, (U) is contained in V. Let (x,y) be in U; then (f£(x),f(y)) 
is in £, (U) which is contained in V, hence (f(x),f(y)) is in V. This 
implies that (x,y) is in 1 (x,y) (E(x) ,£QY) EV? . Thus U is contained in 
1 (x,y) :(£(x), £(y))€ VP , and it follows by property (e) of a uniformity 


that 1 (x,y) 2 (£(x), f(y))ev} ee Ol) a 


The relationship between the quotient uniformity and uniform con- 
tinuity of the function can now be stated. 
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Theorem 3.2: A function f from a uniform space (X,U) onto a _ 
uniform space (Y,V) is uniformly continuous if and only if Vis contained 


in U(f), where U(f) is the quotient uniformity with respect to f. 


Proof: Let f map (X,U) onto (Y,V ). Suppose V CUE), and let 
V be in¥. Then £.*() is in%by definition of the quotient uniformity. 
Further, £,(£, ~~ (V)) is contained in V, hence f is uniformly continuous 
by Theorem 3.1. Conversely assume f is uniformly continuous. Let VEY ; 
then there is a U insuch that £,(U)CV, thus fv) > (uD) S U. 
Hence £,'(V) is inUby property (e) of a uniformity and it follows that 


V is inU(f). Thus VWCU(£) and the proof is complete. 


Before proceeding, a fact concerning uniformly continuous functions 


is proved. This fact is used in the theorem to follow. 


Lemma 3.1: Let f map (X,U) onto (Y¥,¥%V) and let g map (Y,V) 
onto (Z,W) such that f and g are uniformly continuous. Then the composi- 


tion gef mapping (X,Y) onto (Z,W) is uniformly continuous. 


Proof: Let WE%&; since g is uniformly continuous there is a V 
in¥Y such that g,(V)C W. Further, since f is uniformly continuous there 
is a U inUsuch that £, (uc V. Thus gf, (UC W, and by Lemma 2.1 (gf), (UC W, 


hence gef is uniformly continuous. 


The next theorem is also true in a topological setting with uniform 
continuity replaced by continuity and uniformities replaced by topologies 


(See Kelley p. 95). 


Theorem 3.3: Let f£ map (X,%) onto Y, and equip Y with the 


quotient uniformity U(£). Then a function g mapping (Y, U(£)) onto (Z,V ) 
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is uniformly continuous if and only if geof is uniformly continuous. 


Proof: If g is uniformly continuous, the uniform continuity of 
gof follows from Theorem 3.2 and Lemma 3.1. Conversely assume gef is 
uniformly continuous, and let V be inV; then there is a U inYsuch that 
(get), (U) = g,° f, (U) = g, (£,(U))CV. But £, WU) is in U(£) by Theorem 2.2, 


hence g is uniformly continuous by Theorem 3.1. 


Corollary: Suppose f maps (X,U) onto (Y, U(£)) such that f is 


one-to-one. Then ae is uniformly continuous. 


Proof: Let g of Theorem 2.3 equal hy then gef = flog =i, 


which is clearly unifermly continuous. Hence by Theorem 2.3 ile is uni- 
formly continuous. 
The following definition will allow a clearer statement of these 


ideas. 


Definition 2.2: Let f map (X,U) into (Y,V); then f is said 
to be a uniform isomophism if and only if f is one-to-one, onto, uniformly 
continuous and has a uniformly continuous inverse. Two spaces (X,U) and 
(Y,V) are said to be uniformly isomophic if and only if there exists a 


uniform isomophism f from (X,U) to (Y,V). 


Theorem 3.4: Suppose f maps (X,%U) onto (Y, U(f)). Then f is 


a uniform isomorphism if and only if f is one-to-one. 


Proof: Suppose f is one-to-one; then by assumption f is onto, 
and f, ae are uniformly continuous by Theorem 3.2 and the corollary to 
Theorem 3.3 respectively. Hence f is a uniform isomorphism. The converse 


is clear. 
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In a topological setting if f maps (X, 7) into Gade) such that 
f is both onto and open, then U, is the quotient topology. With the 
concept of a uniformly open map a similar result can be proved for uniform 


spaces. 


Definition 3.3: Let f£ map (X,U) into (Y,V); then f is said 
to be uniformly open if and only if for all U inUthere is a V inY such 


that V[f(x)] is contained in f(U[x]) for each x in X. 


Lemma 3.2: Let f£ map X onto Y and let vcysY¥ and UCX*X.._ 


If V[£(x)] Cf (U[x]) for all x in X, then Ve £,(U). 


Proof: Let (YY) be in V; then there is an x) in X such that 
£(x,) = Y)- Thus Yo is in Vit(x,)] which implies that Yo is in f(u[x, ]). 
Hence there is an X5 in X such that £(x,) = and Xo is in uU[x,]. Thus 


(x, »%) is in U, and it follows that (Y}¥>) is in £,(U). 


Theorem 3.5: Let f map (X,U) into (Y,V); then Vis the quotient 


uniformity if f is onto, uniformly continuous and uniformly open. 


Proof: Since f is onto and uniformly continuous it follows from 
Theorem 3.2 that VEU(f£). Let VE U(£); then £.” (V) is inY. Now, 
there is a vy in such that Vv, [£(x)1¢ £,7° (V) [x] for all x in X since f 


is uniformly open. By Lemma 3.2 V C £,(£,. -(V)) = V, and it follows that 


l 
V is inYby property (e) of a uniformity. 


If (x, OY) is a topological space which satisfies the second axiom 
of countability, it is not true in general that the quotient space (Y, O(£)) 
also satisfies this axiom. (See Cullen p. 83). However, for uniform 
spaces the situation is quite different. Before proceeding the notion of 
a base for a uniformity is made precise. 
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Definition 3.4: A sub-family fh of a uniformity Y is a base for YU 


if and only if each member of YU contains a member of Q. 


Theorem 3.6: Let (X,UW) be a uniform Space and let & be a base 
for QI - If f maps X onto Y then the collection 1£,(B): BERS is a base 
for the uniform space (Y, U(£)). 

Proof: By Theorem 2.2 \£,,(B): BeBb is a sub-family of Uf). 
Let V be in U(f); then £,W) is inY¥, hence there is a B inf such that 

l 


BC it (V). Thus £,(B) C £,(£,-“(V)) = V, and it follows that 1 £, (B) : BE At 


is a base for (Y, U(f)). 


Corollary 1: If (X,%) has a countable base then (Y, U(£)) also 
has a countable base. 
Proof: If®is a countable set then 7 £, (B) ; BER is also 


countable. 


The metrization theorem for uniform Spaces states that a uniform 
space has a countable base if and only if its uniformity is pseudo-metrizable 
(i.e., the uniformity is generated by a pseudo-metric). For a proof of this 
theorem see Kelley p. 186. 


This characterization provides another corollary. 


Corollary 2: If (x, Y ) is pseudo-metrizable then (Y, UC£)) is 
pseudo-metrizable. 


Proof: This result follows from corollary 1 and the foregoing 


remarks. 


Given any uniform space (x,% ) it is possible to define a topologi- 
ae 
cal structure on X in the following way. Let Up, be the collection of all 


GCX such that there is a U in with the property that U[x]CG. One can 
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easily verify that this collection is indeed a topology on X. Because 


of its dependence onU we call Uy, the topology of the uniformity or 
simply the uniform topology. 


If & is a base for a uniformity 27 | on X, then the family of all sets 


e 


B[x] for B in@ forms a base for the neighborhood system of x with respect 
to the uniform topology. Consequently, if UYU has a countable base then 
Uiy satisfies the first axiom of countability. In view of the proceeding 


theorem we also have the following. 


Theorem 3.7: Let (X,U) have a countable base and suppose f 
maps X onto Y. Then the topological space (Ys iycey) satisfies the first 
axiom of countability. 

Proof: Since (X,U) has a countable base, so does (Y, U(£)) by 
the corollary to Theorem 3.6. Hence (Ys Day cey) satisfies the first axiom 


of countability by the preceeding remarks. 


Next, three important properties of uniform spaces are defined, and 
the extent to which these properties are possessed by the quotient 


uniformity is discussed, 


Definition 3.5: A uniform space (X,U) is said to be Hausdorff 


Or seperated if and only if yu: ve Ut = A(X). 


Definition 3.6: A uniform space (X,U) is called totally bounded 


a te 


Or pre-compact if and only if for each U in Y there exists a finite set 


FCX such that U[F] = xX. 


In order to define the notion of completeness in a uniform space the 


following preliminary definition is needed. 


Definition 3.7: A net jS_in E€ Dt where D is a directed set is 


17 





a Cauchy net in the unifom space (X,U) if and only if for each member U 


of cc (S_»S.) is in U whenever m,n > N for some N in D. 


Definition 3.8: A uniform space (X,Y ) is called complete 
if and only if each Cauchy net in the Space converges to a point of the 
space. 

If (X,Y ) is a uniform space such that YJ is a seperated uniformity 
it is not in general true that (Y, YU (£)) is also seperated. The fact 
that Nju : UEUt= A(X) implies that £,(N iu: ucUth) =A(Y), but this is 
not in general equal to NY £, (0): uUEU?. 

Similarly if (X,U) is complete it is not true in general that 
cy, U(£)) is complete. However, if f is one-to-one and (x,Y ) is 
complete, then (Y, U(f)) is complete. This follows from Theorem 3.4 
and the fact that completeness is a uniform invariant. (See Thron p. 76). 

However, if (X,U) is pre-compact then it is always true that 
(yY, U(f)) is pre-compact. By construction f is uniformly continuous and 
the uniformly continuous image of a pre-compact space is pre-compact. 
(See Thron p. 76). 

Finally, for the material which is in Chapter 4, it is worthwhile 
to be aware of the following characterization of a complete and totally 


bounded uniform space. 


Theorem 3.7:' The uniform space (X,Y) is pre-compact and 
OX 
totally bounded if and only if the topological space (X, dy) where Ua, is 
the uniform topology, is compact. 


Proof: See Kelley p. 198. 
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IV. QUOTIENT SPACES - 


So far we have established that given any uniform space (X,U) and 
an onto function f from (X,Y ) to a set Y, it is possible to define a 
uniformity on Y, denoted by U(f). It turns out, as the following 
sequence of theorems will show, that the space Y is really superfluous 
to the discussion. That is, it is “equivilent" to a set of equivalence 


classes in X, defined by f. 


Theorem 4.1: Let f be a map from (X,Y) onto (Y, U(£)) and let 
ie ea): yey? - Define a function P from (x,U ) to (fo ,U(P)) by 
P(x) = idea Then there is a uniform isomophism g from (Y,U(f)) to 
(s » U(P)) which makes the following diagram commute. 


(X,%4)— (Y SU (F)) 


us 





g(£(x)) = £1 (£(x)) = P(x). 


Proof: Let gly) = eG Now gof 


Similarly a = BU HCD = CET CGO) f(x), thus the diagram 
commutes. By Theorem 3.1 P = gef is uniformly continuous, thus by 
Theorem 3.3 g is uniformly continuous. Similarly f = au is uniformly 


continuous. It is clear that g is both l-1l and onto. Thus gis a 


uniform isomorphism and the proof is complete. 


Theorem 4.2: The relation x (f) y if and only if f(x) = f(y) 
is an equivalence relation on X and the corresponding equivalence classes 


are the sets eoeeare yer =J. 
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Proof: It is clear that ¢f) is reflexive, symmetric, and 
transitive. It remains to show that (f£) [x] = \e-* (E(x) t . Let z be 
in (f)[x]; then f(x) = f(z), thus z is in 167" (£(x)) $ . Similarly 


if z is in ¥en Cex) »then f(z) = £(x) and z is in Cf)[x]. 


Now let R be any equivalence relation on X and let R[x] denote 
the corresponding equivalence classes. Let X/]R denote YRIx]ix € X b ; 
then define P from (x, U ) onto (xX | R, U(P)) by P(x) = R[x]. The func- 
tion P is called the projection map from (X,U) to the quotient space 


X/R. 


Theorem 4.3: Let £ map (X,%) onto (Y, U(£)) then the uniform 
space (Y, U(f)) is uniformly isomorphic to (x](£) , W(P)). 

Proof: By Theorem 4.1 (Y,U(£)) is uniformly isomophic to 
(3 ,U(P)). By Theorem 4.2 x] (£) =J and B(x) = £7 )(£(x)) = (fx) = P(x). 


Thus, (Y, UC£)) isuniformly isomorphic to (X [¢£), UC)). 
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V. UNIFORM TOPOLOGIES 


(4 


As has been stated previously, for each uniform space (XU ) there 
is an associated topological space (x, ty) where Jay is the uniform 
topology. 

Now suppose f is an onto map from the uniform space (x,U ) to the 
uniform space (Y,U(f£)). Then the uniformities YU and Ql (£) each have an 


associated uniform topology. Denote these by th, and duce) respectively. 





f(g ) >(y, ULF) J 


f; (x,t, )—— (Y, Rasy ) 


We will call ny the “uniform topology" and Ja "the topology of the 
quotient uniformity." 

As was mentioned in Chapter I, given any topological space (X, 0°) 
and a function g from X onto Y it is possible to define a quotient 
topology Ie) on Y. Hence, using the function f£ and the topological space 
Gaus, of the preceeding paragraph we may Senecrace tne quotient space 
cy, Ui(£)). 

At this point, it is natural to ask what relationships exist between 
day (f) and Janes): It is the aim of this chapter to give a partial 


answer to this question. 


Definition 5.1: A topological space (X,Y ) is uniformizable if 
and only if U is the uniform topology for some uniformity for X. 
It is a fact that a topological space is uniformizable if and only 


if the space is completely regular (see Kelley p. 188). With this 
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characterization we give a necessary condition for the quotient topology 


CX. 
Uy (£) and the topology of the quotient uniformity Jey to be identical. 


(f) 


Theorem 5.1: Let (X,%) be a uniform space and let f be a 


function from X onto an arbitrary set Y. If Unf) = y then the 


(f£) 
topological space (Y, es) is completely regular. 
Proof: We know (Y, wr ) is completely regular since er 
at UCE) U(£) 
is the uniform topology of the uniformity YU(f£). By assumption (Y, Ua (£)) = 
(Y, Oe (£)? hence (Y, dace)? is completely regular. 


As one might expect, uniform continuity implies continuity, and 


uniformly open implies open with respect to the uniform topologies. 


Theorem 5.2: Let f£ be a uniformly continuous function from 

(x,Y) to (Y,//) then £ is continuous from (x, hy ) to Be, to) 
Ov -1 

Proof: Let G be inusy. It must be shown that f “(G) is in 
OX = 
Uny « This is true if and only if, for all x in f bie) there is a U in 
YY such that Uix}c £71 (6). Let x be in etc); then f(x) is in G, and 
there is a V in ‘VY such that V[f£(x)]C G. By uniform continuity there is 
a U in % such that £,(U) CV, hence £,(U) [£(x)] CG. It now follows 


-l ell GR 
that U{[xJ cf (£, Cu) [£(x))C f (G) and soGé Udy : 


Theorem 5.3: Suppose f is uniformly open from (Xx,U) to (Y,Y) 
‘aN ON 

then f£ is an open map from (X, Uy) to (Y,uUy). 

Proof: Let GE Thy; then for all x in G there is a U in ¥ such 
that U[x)CG. Thus f(U[x]) Cc £(G), and since f is uniformly open there is 

Cx 
a V inVsuch that V[f(x)]) C£(£[x])C £(G). Hence £(G) is in Jy . 
The following general result, concerning the topologies Tea ey? 


and Diy (6) is a consequence of Theorem 5.2. 
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Theorem 5.4: Let (X,%U) be a uniform space and f a function 
ON 
from X onto Y. Then Janceye Uy). 
Proof: The function f from (X,U ) to (Y,UC£)) is uniformly 
continuous by Theorem 3.2, hence f is continuous with respect to the 


uniform topologies by Theorem 5.2. Now let GE Jay then ees is in 


(E)p 
Oe 
Un by continuity of f, but this implies that G is in DE by definition 


of the quotient topology. 


In general aa does not equal tas as the following example 


shows. 


Example 5.1: Let X = ||? equipped with the usual uniformity. 
Let Y =4a, b} and define f in the following way: f(x) = a for x<0 and 
f(x) = b for x < 0. Then, YxY = 4 (a,a), (a,b), (b,a), (b,b)f and it is 
easy to see that VC £) = Vy«y} - It follows that arcs) = 48, fa, bbb 


nO 
It is known that Ua, is the usual topology on the real line hence Jay (£) = 


qdi4a, be ,doeT. 


Next, three sufficient conditions are given for the topologies 


Jif) and as to be equal. 


Theorem 5.5: Let (X,U) be a uniform space and let f be a 
function from X onto Y. If f£ is open with respect to the uniform topologies 
AN 
then uUn,(f) = ice: 
| a 
Proof: Let G be in Ji (£) 5 then f (G) is in Un, and since f is 
open it follows that £(£°1(G)) = Gis in vey (£)° Hence Tiny (£) C beves3): 


and equality follows from Theorem 5.4, 


On 
Corollary: If f£ is uniformly open the Vay ¢£) = Way CE). 
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Proof: If f is uniformly open then f is open by Theorem 5.3. 


Theorem 5.6: Let (x, ) be a uniform space and let f be a 
function from X onto Y. If f£ is closed with respect to the uniform 
topologies, then ay (£) = i 
o. Sn >. Se 
Proof: Let G be in my C£) ; then f (G) is in Usy and f(~ £ “(G)) = 
ay Ga 
~f(f (G)) =*G is closed in (Y, Vay (£) since f is a closed mapping. 


Hence G is in Te Theorem 5.4 gives the reverse inclusion. 


Corollary: If (X,Y) is compact and (Y,%U(f£)) is a seperated 
uniformity then Ua, (£) = Ms: 
Proof: A continuous map from a compact space to a Hausdorff 


space is closed (See Cullen p. 262). Since (Y, U(£)) is seperated it 


follows that (Y, Jace) is Hausdorff and the conclusion follows. 


In order to prove the next theorem it is necessary to review briefly 
some of the general results on uniform spaces. Given a uniform space 
(X,Y) and an element U init is always possible to find a V in YU such 
that Ve VCU. Furthermore V can be chosen so that it is open in the 
product topology. This follows since the interior of any member of oy 
is also a member of UM. (See Kelley p. 179). If V is open in the product 
space (XxX, OK DD then V[x] is open in Coun and hence is an open 
neighborhood of X. 

Observe that in Example 4.1 melt) = (-%, 0) and eRe) = [0,~) are 


not compact sets. This fact turns out to be important. 


Theorem 5.7: Let f be a function from the uniform space (x,U ) 
onto the uniform space (vy, U(£)). If ‘co on is a compact set for each 


y in Y then Van ce) = Uny (£) - 
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Proof: By Theorem 5.4 Facey toy ce), hence it remains pee 
show that Ju) © Day ce) Let GE Ty (£) 5 then pane) is in Say and this 


implies that for all x in 7! () there is a U in¥ such that Ulx}c £7) 


(G). 
Now G is in ny (ED if and only if for all y in G there is a V in U(£) 
such that V{y]c G. Let y be in G, and let We lice = C. Now ce £74(c) 
hence for all x in C there is a UL inY such that u [x]e£7 (6). By the 
previous remarks there exists an Open V. in ¥ such that Vee Vc U,- It 
follows that V_{xJis an open neighborhood of x and Uw, is an open 
cover of C. Let V [x ].--.-V Ex] be a finite subcover and let V -(\V\, : 
It is now shown that £,W)ly]ce. Let z be in £,) ly]; then (y,z) is 

in £,(V), hence there are elements a, b in X such that f(a) = y, f(b) = z 
and (a,b) is in V. Nowa is in ne) hence a is in C which implies that 
ais in V, tx] for some i. Also (a,b) is in V so (a,b) is in V, for all 
i Now (a,b) in Vv, and 

(x, a) in V. implies that (x, »b) is in VE oNe and hence (x; b) is in U,- 
Thus b is in U,{x, ] which is contained in Ped). It follows that z is 


j, j = 1, .....n. In particular (a,b) is in V 


in G. Finally £,() is in U(£) by Theorem 2.2, and the proof is complete. 


Corollary: Let (x,U) be compact, (Y, Us (£)) a T, space; then 


Proof: Let y€é Y; then Yyp is closed, hence ema is closed 
since f is continuous. Now a closed subset of a compact space is compact 

-1 
hence } £ (y)t is compact. 

| ae 
We note that one could also assume that (Y, Ju cey)? is TY, in the 

previous corollary, but since (Y, Jeg? is known to be uniformizable 
and hence completely regular, the space would be T3. and thus (Y, % (f£)) 


would necessarily be a seperated uniformity, reducing the result to the 


corollary to Theorem 5.6. 
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It is possible to rephrase the previous corollary so that it igs 


independent of the theory of quotient uniformities. 


Theorem 5.8: Let (X,0°) be a compact, completely regular 
topological space and suppose f maps X onto Y. If (Y, 0(£)) is a T) 
space, then (Y, U(£)) is completely regular. 

Proof: Since (XH is completely regular there exists a 
uniformity MU on X such that sais the uniform topology. It now follows 


CN CO as 
from the corollary to Theorem 5.7 that U(f) = Vat) and thus U(f) is 


uniformizable and hence completely regular. 


It is worth noting that the author has been unable to find a proof 
of this fact independent of the theory developed in this paper. 

The fact that continuity implies uniform continuity for a function 
whose domain is a compact uniform space (See Thron p. 187) allows us to 


give the following characterization. 


Theorem 5.9: Let (x,U) be a compact uniform space and let f 
Oe 3) ae 
be a map from X onto Y. Then WU 7 q (£) if and only if (Y, v,,(£)) 
UC £) % 
is completely regular. 
Proof: The necessity follows from Theorem 5.1. For sufficiency 
aN OX. 
suppose (Y, Vay (£)) is completely regular; then it follows that (Y, Ua, (£)) 
is unformizable and hence there is a uniformity V such that Vege Tay cs: 
The map f from (X, Uy) to (Y, Vay (£)) is continuous, hence f is uniformly 
continuous from (x, U) to (Y, V ). By Theorem 3.2 this implies that 


CY. 
Ve U ce) and it follows that Jay = Dace) Fipas 
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